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The conservation of lepton number is assumed to be associated with a gen-
eral Yang-Mills symmetry. New transformations involve (Lorentz) vector gauge
functions and characteristic phase functions, and they form a group. General
Yang-Mills fields are associated with new fourth-order equations and linear po-
tentials. Lepton self-masses turn out to be finite and proportional to the inverse of
lepton masses, which implies that neutrinos should have non-zero masses. Thus,
general Yang-Mills symmetry could provide an understanding of neutrino oscilla-
tions and suggests that neutrinos with masses and very weak leptonic force may
play a role in dark matter.
Keywords: General Yang-Mills symmetry, group properties, fourth-
order gauge field equation, finite self-mass, neutrino oscillation.
Recently, a general Yang-Mills (gYM) symmetry was postulated to dis-
cuss implications in particle-cosmology. It is a natural generalization of the
usual gauge symmetry to deal with the intricacies of gauge fields for quark
confinement and the force for late-time accelerated cosmic expansion.[1, 2]
The general Yang-Mills transformations is defined by replacing space-time
derivative of usual scalar gauge functions ∂µω(x) and phase functions by
vector gauge functions Λµ(x) and characteristic phase functions respec-
tively. It contains the usual gauge symmetry as a special subset of vec-
tor gauge functions. It also leads to a Lagrangian involving higher-order
derivatives.[3, 4, 5, 6] In a previous work, we used vector gauge functions
and non-integrable phase functions to investigate forms of gauge fields,
wrapping number and quantization conditions in gauge field theories.[7]
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Similarly, we further discussed vector gauge functions and gYM symmetry,
which led to a new form of gauge field associated with fourth-order equa-
tions and static linear potentials. The linear potential produced by color
charges of general Yang-Mills symmetry with SU3 group could provide an
explicit confinement mechanism for quarks.[8] Moreover, the corresponding
r-independent force produced by extremely small point baryon-charges as-
sociated with U1 could provide an explanation for the late-time accelerated
cosmic expansion.[1]
We employed gYM symmetry to explore further physical implications
of fourth-order gauge field equations in the lepton sector. It was specu-
lated and hoped that Lagrangians and Hamiltonians involving higher or-
der derivatives would help physicists to formulate a finite quantum field
theory.[3, 4, 5] In this paper, we formulated a quantum leptonic dynamics
with a general leptonic U1 (i.e., U1ℓ) symmetry associated with the conser-
vation of the lepton number (or charge). The gYM transformations have
group properties and its symmetry leads to a new general U1ℓ field. We
obtain the rules for Feynman diagrams and calculate the lepton self-mass
at the one-loop level. We employ the dimensional regularization, which is
convenient to preserve the gauge invariance of the S matrix. We show that
the self-mass of leptons, including neutrinos, is finite and proportional to
the inverse of the lepton mass. Their implications will be discussed below.
The new Yang-Mills symmetry generalizes the usual phase function ω(x)
in exp[−igω(x)] to a characteristic phase function P (x),[9]
exp[−igω(x)] → exp[−igP (x)] ≡ exp
(
−ig
∫ x′
e
=x
x′
o
dx′λΛλ(x
′)
)
Le
, (1)
where we have a fixed point x′o and a variable end point x
′
e = x. The
subscript ‘Le’ in (1) denotes that the path in the integration is required to
satisfy the ‘Lagrange equation’
[∂µΛλ(x)− ∂λΛµ(x)]dxµ = 0, c = h¯ = 1. (2)
This type of additional condition for the path will make the gYM trans-
formations in previous works[1, 2, 8] unambiguous. Thus, we have a well-
defined property for the characteristic phase function P (x),
∂µP (x) = Λµ(x). (3)
Such a new phase function P (x) in (1) and (3) resembles Hamilton’s char-
acteristic function, and is well-defined.[10, 11]
In leptonic dynamics, the gYM transformations for the general U1ℓ fields
Lµ(x) and the lepton ℓ(x) are defined by
L′µ(x) = Lµ(x) + Λµ(x),
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ℓ′(x) = Ω(x)ℓ(x), ℓ
′
(x) = ℓ(x)Ω−1(x), (4)
Ω(x) = exp(−iP (x)).
The vector gauge functions Λµ(x) are assumed to satisfy the constraint
equations,
∂µ∂µΛν(x) − ∂µ∂νΛµ(x) = 0. (5)
The solutions of the second-order partial differential equations (5) form a
set of infinitely many functions. For the gYM transformations (4) to be
definable, the characteristic phase factor Ω(x) in (4) must be single valued.
Nevertheless, the characteristic phase function P (x) need not be.
For each vector gauge function Λaµ(x), there are compatible equations (2)
and (5) with Λµ(x) = Λ
a
µ(x), so that the relation (3), i.e., ∂µP
a(x) = Λaµ(x)
holds.[9, 10, 11] The characteristic phase function so defined satisfies the
group property, e.g.
Ωc(x) = Ωa(x)Ωb(x), or Λc(x) = Λa(x) + Λb(x), (6)
where Λc(x) satisfies
∂µ∂µΛ
c
ν(x) − ∂µ∂νΛcµ(x) = 0, [∂µΛcλ(x) − ∂λΛcµ(x)]dxµ = 0.
As usual, the gauge-covariant derivative ∆µ in leptonic dynamics is
defined by,
∆µ = ∂µ + igLµ(x). (7)
Morevoer, the gauge curvature Lµν(x) associated with the general U1ℓ sym-
metry can be obtained from the commutator of ∆µ. We have
[∆µ,∆ν ] = igLµν(x), (8)
Lµν(x) = ∂µLν(x)− ∂νLµ(x).
We stress that the gauge curvature Lµν(x) is not invariant under the general
Yang-Mills transformations (4) involving the vector gauge function Λµ(x)
because
L′µν(x) = Lµν(x) + ∂µΛν(x) − ∂νΛµ(x) 6= Lµν(x), (9)
where Λµ(x) 6= ∂µω(x). However, the space-time derivative of the gauge
curvature, i.e., ∂µLµν , is invariant under the new gauge transformations,
∂µL′µν(x) = ∂
µLµν(x) + ∂
µ∂µΛν(x) − ∂µ∂νΛµ(x) = ∂µLµν(x), (10)
where we have used the constraint (5). We also have
ℓ
′
γµ∆′µℓ
′(x) = ℓγµ∆µℓ(x). (11)
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Thus, the gYM invariant Lagrangian is assumed to be quadratic in the
‘invariant curvature’ ∂µLµν ,
Llep =
L2s
2
(∂µLµλ)∂νL
νλ + iℓγµ(∂µ + igLµ)ℓ−mℓℓℓ. (12)
where the summation in the terms involving leptons, ℓ = (e, νe, µ, νµ, τ, ντ ),
is understood.
One may wonder what is the relation between the new U1ℓ transforma-
tions in (4)-(5) and the usual U1 gauge transformations? We note that al-
though there are four components of arbitrary gauge vector function Λµ(x)
in (4), they are required to satisfy four constraints in the form of partial
differential equations (5). In the special case when the vector function
Λµ(x) can be expressed as the space-time derivative of an arbitrary (usual)
scalar function ω(x), i.e., Λµ = ∂µω(x), the constraint equations (2) and
(5) become identities for arbitrary function ω(x) and the transformations
(4)-(5) become the same as the usual U1 gauge transformations with arbi-
trary scalar function ω(x). In other words, the characteristic phase func-
tion P (x) in (1) become usual phase function of the U1 group. Thus, the
new transformations (4) together with the constraint (5) may be consid-
ered as generalized U1 gauge transformations. Their corresponding gauge
fields Lµ(x) may be called general U1 (gauge) fields. The quanta of the
quantized lepton gauge fields Lµ(x) may be called ‘leon’, which satisfy the
fourth-order equations derived from (12), as shown in (19) below.
As usual, the complete Feynman-Dyson rules for Feynman diagrams can
be derived from the total Lagrangian with the gauge fixing terms Lgf ,
Ltot = Lℓ + Lgf , Lgf =
ξ
2
(∂λ∂µL
µ)(∂λ∂νL
ν), (13)
The propagator of leons can be obtained from their fourth-order field equa-
tions, which can be derived from the Lagrangian (12). The leon propagator
is
ℓµν(k) =
−i
L2s(k
2 + iǫ)2
[
ηµν −
(
1− 1
ξ
)
kµkν
k2 + iǫ
]
. (14)
The rules for the leon-lepton 3-vertex [ℓ(k1)ℓ(k2)Lµ(k3)] is given respec-
tively by
−igγµ. (15)
Other rules such as fermion propagators, a factor -1 for each fermion loop
etc. are the same as those in usual QED.[12]
To see new physical effects of the fourth-order field equations dictated by
the general U1ℓ symmetry let us consider the lepton self-mass δm. Following
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the Feynman-Dyson rules for writing the invariant amplitude −iMfi, we
have
−iδm = (−ig)2
∫
d4k
(2π)4
ℓµν(k)
iγµ[γ · (p− k) +m]γν
(p− k)2 −m2 + iǫ , (16)
where the leon propagator ℓµν(k) is given by (14), which has a better high
energy behavior than the photon propagator. Using dimensional regular-
ization (see appendix), we obtain
δm =
3g2
16π2L2sm
. (17)
Thus, the lepton self-mass is finite in quantum leptonic dynamics based on
the invariant Lagrangian (12). In comparison with the electron self-mass
δme in QED, its divergence is usually expressed in terms of the ultraviolet
cut-off Λ,[12]
δme =
3e2me
16π2
ln
(
Λ2
m2e
)
, (18)
which corresponds to the term involving 1/(4−D) in the dimensional reg-
ularization. We note that quantum leptonic dynamics is not a completely
finite theory1 because the leon self-energy is still divergent, just like the pho-
ton self-energy in QED.[12] Nevertheless, this problem is related to gauge
symmetry and can be handled by the dimensional regularization.
Experimentally, the neutrino mass has an upper limit of 2 eV. One may
get a rough estimate of the unknown parameter by a reasonable conjecture,
δm/m < 1. One has the ratio g2/L2s < 1/(10
−15m2). Furthermore, there
is one interesting qualitative property in (17) for any neutrinos, namely,
δm ∝ 1/m. This property implies that all neutrinos should have non-zero
masses, which make neutrino oscillations possible, in consistent with recent
neutrino experiments. In this connection, we note that the electroweak
theory does not incorporate neutrino masses naturally. Perhaps, the result
(17) could be considered as an experimental support of the general Yang-
Mills symmetry associated with the conservation law of lepton charge.
In the past decades, it has been considered that the U1 corresponding
to lepton number is not a local gauge symmetry because the massless gauge
field coupled to lepton number has not been observed. We take the view
that this may simply imply that the lepton charge g is extremely small.
As we have mentioned previously, the invariant Lagrangian (12) leads
to a fourth-order equation for leptonic gauge field Lµ(x)
∂2∂λLλµ − g
L2s
ψγµψ = 0. (19)
1In a sense, the quantum leptonic dynamics with gYM symmetry may be termed a
‘super-renormalizable’ theory
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For the static case with a point lepton-charge g at the origin, (19) lead to
a linear potential V (r),
∇2∇2L0(r) = g
L2s
δ2(r), V (r) = gL0(r) =
−g2r
8πL2s
, (20)
which leads to repulsive and r-independent force between two point lepton-
charge of the same sign. However, when one considers the force between,
say, a point lepton-charge and a uniform sphere of lepton-charges, the re-
sultant force could be modified.[13]
Baryon charges also have similar properties, as discussed in previous
works.[1, 13] Suppose these forces are much weaker than the gravitational
force, so that they cannot be detected in the solar system or in the Milky
Way galaxy. Nevertheless, they may be able to give an explanation of
the late-time accelerated cosmic expansion. The reason is as follows: Af-
ter the universe expands for a long time, when the distance between two
baryon/lepton galaxies are large enough, then the r-independent baryon-
lepton repulsive force will overcome the gravitational force and causes the
late-time accelerated cosmic expansion.2 Furthermore, the three known sta-
ble neutrinos are the final products of almost all decay processes of known
particles[14] that might exist in the beginning of the universe. We expect
that there are enormous amount of neutrinos in the late-time universe af-
ter particle-antiparticle annihilations and particle decays, even though they
may be negligible when the universe was ‘created’ because they do not have
strong and electromagnetic interactions. It is possible that these enormous
amounts of stable neutrinos with small masses and a very weak leptonic
force may help us understand the mystery of dark matter and, hence, de-
serve to be further investigated.
The fourth-order field equation is usually considered as unphysical be-
cause the dynamical system involves non-definite energy.[3, 6] However,
the leon cannot be directly detected because of its extremely small cou-
pling constant. On the other hand, suppose one considers quark model
with gYM symmetry,[2, 8] the gauge bosons with large coupling constants
are permanently confined in the quark system and, hence, cannot be de-
tected as a free particle with negative energies. Nevertheless, other new
ideas are needed for a satisfactory S matrix with the general Yang-Mills
symmetry. For example, the model with gYM symmetry also suggests that
these new gauge bosons with fourth-order equation could be consistently
treated as off-mass-shell particles, so that they do not appear in external
2In this case, the dark matter will move along with the baryon/lepton galaxies, pro-
vided the dark matter particles are bonded to baryon/lepton by the stronger gravitational
force.
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physical states of the S matrix and do not contribute imaginary part of am-
plitudes when they appear in internal states of a process. These properties
related to unitarity will be discussed in a separate paper.
In light of previous discussions, the general Yang-Mills symmetry ap-
pears to be interesting and useful because, apart from giving various lin-
ear potentials for quark confinement and for late-time accelerated cosmic
expansion[1, 2, 13, 15], it may also be able to provide a field-theoretic ba-
sis for understanding finite lepton self-mass, neutrino masses and neutrino
oscillations.
The work was supported in part by the Jin-Shin Research Fund of the
UMassD Foundation.
Appendix Finite Lepton Self-Mass
Let us calculate the lepton self-mass (16) by using D-dimensional regu-
larization[16, 17] and replacing k2 by k2 + λ2 in the leon propagator (14)
to define mathematics involving possible infrared divergence. We shall take
the limits λ → 0 and D → 4 at the end of calculations. We write (16) in
the following form
−iδm = −g
2
L2s
[
T1 −
(
1− 1
ξ
)
T2
]
. (21)
Let us consider T1 first,
T1 =
∫
1
0
2xdx
∫
dDk
(2π)D
(2−D)γµ(p− k)µ +Dm
[k2 − 2kνpν(1 − x) + (p2 −m2)(1− x) + λ2x]3 ,
(22)
where the iǫ prescription in the propagator is understood. After the shift
of variable kµ → kµ + pµ(1 − x) and carrying out the dimensional regular-
izations of the self-mass, we obtain
T1 =
−im
8π2
(2α− β), (23)
where it is safe to set D = 4 and then calculate α and β. We obtain
α =
∫
1
0
xdx
R
=
[
1
2A
ln|R| − BZ
2A
]1
0
=
1
2m2
(
ln
λ2
m2
− 1
)
, (24)
β =
∫
1
0
x2dx
R
=
[
x
A
− B
2A2
ln|R|+ Y Z
2A2
]1
0
=
1
m2
(
1
2
+ ln
λ2
m2
)
, (25)
R = Ax2 +Bx+ C, A = p2, B = −(p2 +m2 + λ2), C = m2, (26)
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Y = B2 − 2AC, Z = 1√
B2 − 4AC ln
|2Ax+B −√B2 − 4AC |
|2Ax+B +√B2 − 4AC | . (27)
Thus, T1 is given by
T1 =
3g2
16π2L2sm
. (28)
Let us calculate the gauge-dependent term T2 in (21). We have
T2 =
∫
dDk
(2π)D
γµk
µγνp
νγλk
λ − γµkµγνkνγλkλ +mγµkµγνkν
(k2 + λ2)3[(p− k)2 −m2] , (29)
=
∫
dDk
(2π)D
[
γµk
µ(p2 −m2)− (γµpµ −m)k2
(k2 + λ2)3[(p2 − 2pµkµ −m2] −
γµk
µ
(k2 + λ2)3
]
= 0,
where we have used γ · p = m and p2 = m2 because δm is sandwiched
between free lepton spinors. We also use the relation
∫
dDk f(k2)kµ = 0
in the dimensional regularization.
It follows from (21), (28) and (29) that the lepton self-mass is finite, as
shown in (17). It is interesting that the two infrared logarithmic-divergent
terms in (24) and (25) cancel each other, as shown in (23). We also note that
it is important to use the small parameter λ2 > 0 to define the mathematics
related to possible infrared divergence.3 Suppose one uses λ2 < 0 in the
calculations of the integrals α and β in (24) and (25). One will have an
arctangent function rather than the logarithmic function Z in (27) and one
will have two infrared divergent terms ∝ 1/λ in α and β, which do not
cancel each other.
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